Shifted Character Sums with Multiplicative Coefficients, II by Gong, K. et al.
ar
X
iv
:1
61
1.
06
57
7v
1 
 [m
ath
.N
T]
  2
0 N
ov
 20
16 Shifted Character Sums with MultiplicativeCoefficients, II
K. Gong, C. Jia and M. A. Korolev
Abstract. Let f(n) be a multiplicative function with |f(n)| ≤ 1, q be a prime
number and a be an integer with (a, q) = 1, χ be a non-principal Dirichlet charac-
ter modulo q. Let ε be a sufficiently small positive constant, A be a large constant,
q
1
2
+ε ≪ N ≪ qA. In this paper, we shall prove that
∑
n≤N
f(n)χ(n+ a)≪ N log log q
log q
and that ∑
n≤N
f(n)χ(n+ a1) · · ·χ(n+ at)≪ N log log q
log q
,
where t ≥ 2, a1, . . . , at are distinct integers modulo q.
1. Introduction
Let q be a prime number, a be an integer with (a, q) = 1, χ be a
non-principal Dirichlet character modulo q.
Since the 1930s, I.M. Vinogradov had begun the study on character
sums over shifted primes ∑
p≤N
χ(p+ a),
and obtained some deep results [9], [10] where p runs through prime num-
bers. His best known result is a nontrivial estimate for the range q
3
4
+ε ≪
N ≪ qA, where ε is a sufficiently small positive constant and A is a large
constant. Later, A.A. Karatsuba [5] widen the range to q
1
2
+ε ≪ N ≪ qA.
For the Mo¨bius function µ(n), one can get same results on sums
∑
n≤N
µ(n)χ(n+ a)
as that on sums over shifted primes. K. Gong and C. Jia [4] considered the
general sum ∑
n≤N
f(n)χ(n+ a), (1.1)
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where f(n) is a multiplicative function with |f(n)| ≤ 1. They applied a
modification (see [3]) of the method in Section 2 in [2], which is called as
the finite version of Vinogradov’s inequality, to give a nontrivial estimate
for the sum (1.1) when q is in a suitable range. Precisely, they proved that
if f(n) is a multiplicative function with |f(n)| ≤ 1, q is a prime number
and a is an integer with (a, q) = 1, χ is a non-principal Dirichlet character
modulo q, q
1
2 ≤ N , then
∑
n≤N
f(n)χ(n+ a)≪ N
q
1
4
log log(6N) + q
1
4N
1
2 log(6N) +
N√
log log(6N)
,
which is nontrivial for q
1
2
+ε ≪ N ≪ qA.
In this paper, we shall use some new ideas from [7] to give a refinement
on the above upper bound.
Theorem. Let f(n) be a multiplicative function with |f(n)| ≤ 1, q be
a prime number and a be an integer with (a, q) = 1, χ be a non-principal
Dirichlet character modulo q. Let ε be a sufficiently small positive constant,
A be a large constant, q
1
2
+ε ≪ N ≪ qA. Then we have
∑
n≤N
f(n)χ(n+ a)≪ N log log q
log q
, (1.2)
where the implied constant depends on ε, A.
For t ≥ 2 and distinct integers a1, . . . , at modulo q, we have
∑
n≤N
f(n)χ(n+ a1) · · ·χ(n+ at)≪ N log log q
log q
, (1.3)
where implied constant depends on ε, A and t.
Throughout this paper, we assume that q is a sufficiently large prime
number, ε is a sufficiently small positive constant, A is a large constant.
Let p denote prime number. Set
X = log2 q, Y = q
ε
4 . (1.4)
2. The proof of Theorem
We need one auxiliary assertion. Write
R = {n : n ≤ N, n has a prime factor in (X, Y ]},
T = {n : n ≤ N, n has no prime factor in (X, Y ]}.
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Lemma 1. We have
|T | ≪ N log log q
log q
.
Proof. Let Φ(x, y) be the number of n ≤ x free of prime divisors ≤ y
and denote by Ψ(x, y) the number of n ≤ x free of prime divisors > y.
Then, uniformly in 2 ≤ y ≤ x, we have
Φ(x, y) ≪ x
log y
, Ψ(x, y) ≪ xe−u2 , u = log x
log y
. (2.1)
The proof of these inequalities can be found in [6] and in [8, Part III,
Ch. III.5, §5.1] correspondingly.
Any n ∈ T has the form uv: (a) all prime divisors of u do not exceed
X (or u = 1), and all prime divisors of v are greater than Y ; (b) all prime
divisors of u do not exceed X (or u = 1) and v = 1. If Na and Nb denote
the number of n ∈ T satisfying (a) and (b) respectively, then |T | ≤ Na+Nb.
Fixing the factor u, we obtain at most Φ(Nu−1, Y ) possibilities to
choose the factor v = nu−1 ≤ Nu−1. If v 6= 1, then v > Y and hence
Nu−1 > Y . By (2.1), we get
Φ
(
N
u
, Y
)
≪ N
log Y
· 1
u
.
The summation over u yields
Na ≪ N
log Y
∑
u
1
u
≪ N
log Y
∏
p≤X
(
1 +
1
p
+
1
p2
+ · · ·
)
≪ N
log Y
∏
p≤X
(
1− 1
p
)−1
≪ N logX
log Y
≪ N log log q
log q
.
Using (2.1) again, we obtain
Nb ≤ Ψ(N,X)≪ N exp
(
− logN
2 logX
)
≪ N logX
logN
≪ N log log q
log q
.
Hence, Lemma 1 is proved.
Now we begin the proof of Theorem. The discussion in Lemma 1 of [4]
yields
∑
n≤N
f(n)χ(n+ a) =
∑
n≤N
(n, q)=1
f(n)χ(n+ a) +O
(N
q
+ 1
)
.
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By Lemma 1,
∑
n≤N
(n, q)=1
f(n)χ(n+ a) =
∑
n≤N
n∈R
(n, q)=1
f(n)χ(n+ a) +O
(
N
log log q
log q
)
.
Therefore we have
∑
n≤N
f(n)χ(n+ a) =
∑
n≤N
n∈R
(n, q)=1
f(n)χ(n+ a) +O
(
N
log log q
log q
)
. (2.2)
The contribution of terms in which n is divisible by p2 for some p under
the condition X < p ≤ Y is
≪
∑
X<p≤Y
N
p2
≪ N
log2 q
.
Denote by Br the set of n ≤ N not dividing by p2 for some p ∈ (X,Y ]
and having exactly r distinct prime factors in (X,Y ]. Then
∑
n≤N
n∈R
(n, q)=1
f(n)χ(n+ a) =
∑
1≤r≪logN
∑
n≤N
n∈Br
(n, q)=1
f(n)χ(n+ a) + O
(
N
log2 q
)
. (2.3)
Among the products pm (pm ≤ N , (p, m) = 1, X < p ≤ Y , m ∈ Br−1),
the number n(∈ Br) appears r times. Thus
∑
n≤N
n∈Br
(n, q)=1
f(n)χ(n+ a) =
1
r
∑
X<p≤Y
(p, q)=1
f(p)
∑
m∈Br−1
mp≤N
(m, p)=1
(m, q)=1
f(m)χ(pm+ a).
If we get rid of the condition (m, p) = 1, then the corresponding error is
≪ 1
r
∑
X<p≤Y
∑
m≤N
p
p|m
1≪ 1
r
∑
X<p≤Y
N
p2
≪ 1
r
∑
X<p
N
p2
≪ N
rX
.
Therefore we have
∑
n≤N
n∈Br
(n, q)=1
f(n)χ(n+ a) =
1
r
∑
X<p≤Y
(p, q)=1
f(p)
∑
m∈Br−1
mp≤N
(m, q)=1
f(m)χ(pm+ a) +O
( N
rX
)
.
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We divide {X < p ≤ Y } into O(log Y ) intervals of the form {Q < p ≤
Q1}, where X ≤ Q ≤ Q1 ≤ Y , and write
Sr(Q, Q1) =
∑
Q<p≤Q1
(p, q)=1
f(p)
∑
m∈Br−1
mp≤N
(m, q)=1
f(m)χ(pm+ a)
=
∑
m∈Br−1
m≤N
Q
(m, q)=1
f(m)
∑
Q<p≤Q1
p≤N
m
(p, q)=1
f(p)χ(pm+ a).
We have
|Sr(Q, Q1)| ≤
∑
m≤N
Q
∣∣∣ ∑
Q<p≤Q1
p≤N
m
(p, q)=1
f(p)χ(pm+ a)
∣∣∣.
We shall estimate the sum
W1 =
∑
m≤N
Q
∣∣∣ ∑
Q<p≤Q1
p≤N
m
(p, q)=1
f(p)χ(pm+ a)
∣∣∣. (2.4)
In the following, we need
Lemma 2. Let q be a prime number, χ be a non-principal Dirichlet
character modulo q, (a, q) = 1. Then for two primes p1, p2 with (p1p2, q) =
1, p1 6≡ p2 (mod q), we have
∑
U<m≤V
χ
(p1m+ a
p2m+ a
)
≪ V − U√
q
+
√
q log q.
Here we write 1
n
as the multiplicative inverse of n such that 1
n
·n ≡ 1 (mod q)
and appoint 10 = 0.
This is Lemma 4 in [4] which is produced by Lemma 18 in [1].
By Cauchy’s inequality, we have
|W1|2 ≤ N
Q
∑
m≤N
Q
∣∣∣ ∑
Q<p≤Q1
p≤N
m
(p, q)=1
f(p)χ(pm+ a)
∣∣∣2.
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Then
W2 =
∑
m≤N
Q
∣∣∣ ∑
Q<p≤Q1
p≤N
m
(p, q)=1
f(p)χ(pm+ a)
∣∣∣2
=
∑
m≤N
Q
∑
Q<p1≤Q1
p1≤
N
m
(p1, q)=1
∑
Q<p2≤Q1
p2≤
N
m
(p2, q)=1
f(p1)f(p2)χ
(p1m+ a
p2m+ a
)
=
∑
Q<p1≤Q1
(p1, q)=1
∑
Q<p2≤Q1
(p2, q)=1
f(p1)f(p2)
∑
m≤N
Q
m≤ N
max(p1, p2)
χ
(p1m+ a
p2m+ a
)
≪
∑
Q<p1≤Q1
(p1, q)=1
∑
p1≤p2≤Q1
(p2, q)=1
∣∣∣ ∑
m≤ N
p2
χ
(p1m+ a
p2m+ a
)∣∣∣
≪
∑
Q<p1≤Q1
N
Q
+
∑
Q<p1≤Q1
(p1, q)=1
∑
p1<p2≤Q1
(p2, q)=1
∣∣∣ ∑
m≤ N
p2
χ
(p1m+ a
p2m+ a
)∣∣∣.
We note that if p1, p2 ≤ Y = q ε4 , then p1 6= p2 is equivalent to p1 6≡
p2 (mod q). By Lemma 2,
W2 ≪ N +
∑
Q<p1≤Q1
∑
Q<p2≤Q1
( N√
qQ
+
√
q log q
)
≪ N + NQ√
q
+Q2
√
q log q
≪ N.
Hence,
|Sr(Q, Q1)| ≤W1 ≪ N√
Q
.
Taking
Q = 2kX, k = 0, 1, . . . , k0, 2
k0−1X ≤ Y < 2k0X,
we get
∑
X<p≤Y
(p, q)=1
f(p)
∑
m∈Br−1
mp≤N
(m, q)=1
f(m)χ(pm+ a)≪ N
k0∑
k=0
1
2
k
2
√
X
≪ N
log q
.
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It follows that ∑
n≤N
n∈Br
(n, q)=1
f(n)χ(n+ a)≪ N
r log q
.
Then ∑
n≤N
n∈R
(n, q)=1
f(n)χ(n+ a)≪
∑
1≤r≪logN
N
r log q
≪ N log log q
log q
.
Thus ∑
n≤N
f(n)χ(n+ a)≪ N log log q
log q
.
We have proved (1.2) for sufficiently large prime number q. For bounded
q, this is a trivial result. The proof of (1.3) follows the same lines, but we
need to replace Lemma 2 in the above arguments by the following
Lemma 3. Let q be a prime number, χ be a non-principal Dirich-
let character modulo q. Assume that t ≥ 2, (b1, q) = · · · = (bt, q) = 1,
b1, . . . , bt are distinct integers modulo q and that primes p1, p2 satisfy
(p1p2, q) = 1, p1 6≡ p2 (mod q). Then if p2 6≡ bibjp1 (mod q) (1 ≤ i, j ≤ t),
we have
∑
U<m≤V
χ
((p1m+ b1) · · · (p1m+ bt)
(p2m+ b1) · · · (p2m+ bt)
)
≪ V − U√
q
+
√
q log q.
This is Lemma 6 in [4] which is produced by Lemma 17 in [1]. Lemma
17 in [1] is due to A. Weil [11, Appendix V, Example 12], which states that
∣∣∣∣
q∑
x=1
χ1(x+ c1) · · ·χr(x+ cr)e2pii
f(x)
q
∣∣∣∣ ≤ (r + d)√q.
Here χ1, . . . , χr are any Dirichlet characters modulo q such that at least
one of them is non-principal, f ∈ Fq[x] is any polynomial of degree d ≥ 0
and c1, . . . , cr are distinct integers modulo q.
We should discuss in two cases respectively. In the first case, there is
no ai in (1.3) is equivalent to 0 modulo q. In the second case, one of ai’s is
equivalent to 0 modulo q, which is reduced to the case of t − 1 by writing
f(n)χ(n) = f1(n). Then the proof of (1.3) follows.
So far the proof of Theorem is complete.
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